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"CTUSBDU
*O UIJT MFUUFS XF BOBMZTFE UIF FGàDJFOU FYDIBOHF PG PSCJUBM BOHVMBS NPNFOUVN 	0".
 PG MJHIU JO
B EPVCMF 7�UZQF TFNJDPOEVDUPS RVBOUVN XFMM WJB FMFDUSPO TQJO DPIFSFODF� 8F GPVOE UIBU EVF UP
UIF GPVS�XBWF NJYJOH 	'8.
 NFDIBOJTN UIF 0". TUBUF PG UIF WPSUFY MJHIU DBO USBOTGFS GSPN
BQQMJFE MJHIUT UP B OFX HFOFSBUFE TJHOBM CFBN XIFO UIF FGàDJFODZ PG UIF '8. QSPDFTTFT JT
FOPVHI IJHI� 8F BMTP TIPXO UIBU UIF BCTPSQUJPO TQFDUSVN PG UIF OFX HFOFSBUFE MJHIU EFQFOET PO
UIF 0". OVNCFS BOE B[JNVUIBM BOHMF PG UIF PQUJDBM WPSUFY MJHIU� 8F SFBMJ[FE UIBU GPS TPNF
TQFDJàD QBSBNFUSJD DPOEJUJPOT UIF BCTPSQUJPO TQFDUSVN PG UIF HFOFSBUFE MJHIU CFDPNFT OFHBUJWF
XIJDI DPSSFTQPOET UP UIF MBTJOH XJUIPVU JOWFSTJPO�

,FZXPSET� PSCJUBM BOHVMBS NPNFOUVN
 FMFDUSPO TQJO DPIFSFODF
 FYDIBOHF FGàDJFODZ

	4PNF àHVSFT NBZ BQQFBS JO DPMPVS POMZ JO UIF POMJOF KPVSOBM


�� *OUSPEVDUJPO

*U JT XFMM LOPXO UIBU UIF NBJO DPOEJUJPOT GPS UIF PCTFSWBUJPOT
PG FYDJUJOH QIFOPNFOB MJLF FMFDUSPNBHOFUJDBMMZ JOEVDFE USBOT�
QBSFODF 	&*5
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UIFTF QIFOPNFOB IBWF CFFO UIPSPVHIMZ SFTFBSDIFE� 5IFSF
IBT CFFO FYUFOTJWF SFTFBSDI PO UIF GVODUJPO PG FMFDUSPO TQJO
DPIFSFODF 	&4$
 JO 28T <��m��>� "TBEQPVS FU BM <��>
 GPS
JOTUBODF
 IBWF TUVEJFE UIF 0# QSPQFSUJFT PG QSPQBHBUFE MJHIU
JO B VOJEJSFDUJPOBM SJOH DBWJUZ XJUI 28T WJB UIF &4$ FGGFDU�
&YQFSJNFOUBM SFTFBSDI PO UIF PQUJDBM DPOUSPM PG &4$ VTJOH
MJOFBSMZ PS DJSDVMBSMZ QPMBSJ[FE MBTFS CFBNT IBT CFFO EPOF CZ
'FOH FU BM <��>�
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5IF JOUFSBDUJPO PG PQUJDBM WPSUFY MJHIU DBSSZJOH PSCJUBM
BOHVMBS NPNFOUVN 	0".
 XJUI UIF BUPNJD TZTUFN IBT
SFDFOUMZ CFFO PCTFSWFE <��m��>� "O PQUJDBM WPSUFY JT B CFBN
UIBU IBT BO PQUJDBM QIBTF UIBU EFQFOET PO UIF B[JNVUIBM
DPPSEJOBUF BOE B XBWFGSPOU UIBU JT IFMJDBM� 0". BMTP HJWFT B
QIPUPO BO FYUSB EFHSFF PG GSFFEPN
 XIJDI NBLFT JU B IJHIFS�
EJNFOTJPOBM TZTUFN GPS IJHI�DBQBDJUZ JOGPSNBUJPO USBOTGFS�
3FDFOU SFTFBSDI IBT TIPXO UIBU UIF DPIFSFOU DIBSBDUFSJTUJDT PG
&*5 FOBCMF UIF JEFOUJàDBUJPO PG 0". JOGPSNBUJPO CZ HFOFSBU�
JOH TQBUJBMMZ WBSZJOH BCTPSQUJPO QBUUFSOT <��>� 5ISPVHI TUSVD�
UVSF MJHIU BOE DPNQPTJUF PQUJDBM WPSUFY MJHIU
 UIF B[JNVUIBM
EFQFOEFODF PG UIF FMFDUSPNBHOFUJDBMMZ JOEVDFE HSBUJOH IBT
CFFO FYQMPSFE� *U IBT CFFO EFNPOTUSBUFE UIBU CPUI TZNNFU�
SJD BOE BTZNNFUSJD EJGGSBDUJPO QBUUFSOT DBO CF HFOFSBUFE CZ
BEKVTUJOH UIF 0". OVNCFS PG UIF WPSUFY MJHIU� " QBSBEJHN
GPS QSPEVDJOH OFX TUSVDUVSF MJHIU UISPVHI TQBUJBMMZ EFQFOEFOU
USBOTQBSFODZ VTJOH PQUJDBM WPSUFY MJHIU XBT QVU PVU CZ 2JV FU BM
<��>� .FIEJOFKBE <��> VTFE PQUJDBM WPSUFY MJHIU UP TUVEZ UIF
TQBUJBM SFHVMBUJPO PG BUPN�QIPUPO FOUBOHMFNFOU� *U XBT EJT�
DPWFSFE UIBU BMUFSJOH UIF 0". OVNCFS PG UIF TUSVDUVSF MJHIU
DBO QSPEVDF UIF IJHIFTU EFHSFF PG FOUBOHMFNFOU�

*O UIJT SFTFBSDI
 XF TVHHFTUFE B OFXNPEFM GPS JOWFTUJHBUJOH
UIF USBOTGFS PG 0".TUBUF PG MJHIU GSPN PQUJDBM WPSUFY MJHIUT UP B
OFXMZ DSFBUFE TJHOBM CFBN CBTFE PO &4$ JO 28XBWFHVJEF� *O
SFDFOU ZFBST
 OVNFSPVT DPODFQUT IBWF CFFO QVU VQ GPS WBSJPVT
BSDIJUFDUVSFT UP FYDIBOHF UIF 0". TUBUF PG MJHIU <��m��>�

�� .PEFM BOE GPSNVMBUJPO

$POTJEFS B EPVCMF 7�UZQF28XBWFHVJEFXJUI &4$ JO àHVSF ��
5IF DPSSFTQPOEJOH TZTUFN JOUFSBDUT XJUI UXP DPOUSPM MJHIUT
XJUI 3BCJ GSFRVFODJFT �Ω+ BOE �Ω�� " XFBL QSPCF àFME XJUI
3BCJ GSFRVFODZ �Ω− BOE B DPOUSPM MJHIU XJUI 3BCJ GSFRVFODZ
�Ω� GPSNT B àSTU 7�UZQF TDIFNF
 XIJMF B XFBL HFOFSBUFE TJH�
OBM CFBN XJUI 3BCJ GSFRVFODZ �Ω� BOE DPOUSPM àFME �Ω+

GPSN UIF TFDPOE 7�UZQF TDIFNF
 SFTQFDUJWFMZ� 5IF NPSF EFUBJMT
BCPVU UIJT TDIFNF DBO CF GPVOE JO <��>� 5IF)BNJMUPOJBO PG UIF
TZTUFN DBO CF HJWFO BT GPMMPXT�
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∑

K=B,C,D,E

εK | K⟩⟨K|

− !(Ω�F−Jθ� |B⟩⟨C|+Ω�F−Jθ� |E⟩⟨D|+ I.D)

− !(Ω+F−Jθ+ |E⟩⟨C|+Ω−F−Jθ− |B⟩⟨D|+ I.D)

	�


XIFSF
 εK DPSSFTQPOET UP UIF FOFSHZ PG TUBUF |K⟩
 	K= B,C,D,E


θO = ωOU, (O= �,�,±), ωO TIPX UIF GSFRVFODJFT PG UIF BQQMJFE
MJHIUT� #Z VTJOH PG )� = εB |B⟩⟨B|+(εB− !ω�) |C⟩⟨C|+
(εB− !ω−) |D⟩⟨D|+(εB− !ω− + !ω�) |E⟩⟨E| XJUI εB = ��
8F EFàOF UIF GSFRVFODZ PG UIF '8. HFOFSBUFE MJHIU BT
ω� = ω+ +ω− −ω�� 5IF )BNJMUPOJBO PG UIF TZTUFN JO UIF
JOUFSBDUJPO QJDUVSF DBO CF HJWFO BT GPMMPX�

)JOU/!=∆� |C⟩⟨C|+∆− |D⟩⟨D|+(∆− −∆�) |E⟩⟨E|
− (Ω� |B⟩⟨C|+Ω� |E⟩⟨D|+ I.D)

− (Ω+ |E⟩⟨C|+Ω− |B⟩⟨D|+ I.D) 	�


XIFSF ∆� = ω� −ωBC,∆+ = ω+ −ωEC,∆− = ω− −ωBD,
∆� = ω� −ωED BOE ωKN = (εK− εN)/! ( K= B,C,D,E; K ̸= N)
TIPX UIF USBOTJUJPO GSFRVFODJFT� #Z EFàOJOH UIF TUBUF |ψ⟩=
"B |B⟩+"C |C⟩+"D |D⟩+"E |E⟩
 UIF FRVBUJPOT PG NPUJPOT DBO
CF HJWFO BT GPMMPXT�
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XIFSF γK( K= B,C,D,E)DPSSFTQPOET UP UIF EFDBZ SBUFT PG UIF
TUBUF K� #Z BTTVNJOH UIBU UIF TZTUFN JT JOJUJBMMZ JO UIF FMFDUSPO
TUBUF |B⟩ ("B ≃ �) BOE |Ω�,+|≫ |Ω�,−|
 XF IBWF�
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5IF FRVBUJPO 	�
 DBO CF TPMWFE BOBMZUJDBMMZ GPS PCUBJOJOH UIF
SFMBUJPO "C BOE "D BT GPMMPXT�
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XIFSF
 XF IBWF�

)Q = |Ω�|� − (∆− + JγD)(∆� −∆− − JγE) 	�B


)D = |Ω+|� +(∆� + JγC)(∆� −∆− − JγE) 	�C
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8F DPOTJEFS UIF TJUVBUJPO XIFSF BMM UIF XBWFT QSPQBHBUF BMPOH
[ EJSFDUJPO� 5IFSFGPSF
 XF IBWF�

∂
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XIFSF LBC(BD) = �/ω�(−)

∣∣µBC(BD)
∣∣�/!D� 1BSBNFUFS / TIPXT UIF

FGGFDUJWF EFOTJUZ BOE µBC(BD)DPSSFTQPOET UP UIF EJQPMF NPNFOU
GPS UIF USBOTJUJPO CFUXFFO TBUFT |B⟩BOE |C⟩ , |D⟩� #Z TVCTUJUVUJOH
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'JHVSF �� 5IF DPOàHVSBUJPO PG EPVCMF 7�UZQF RVBOUVN XFMM XBWFHVJEF XIFSF UXP VQQFS FMFDUSPO TQJO DPIFSFODF TUBUF DPVQMFT UP UIF HSPVOE
MFWFMT�

UIF FRVBUJPO 	�
 JO FRVBUJPO 	�

 BOE GPS Ω−([= �) = Ω−(�)
BOE Ω�([= �) = �
 XF IBWF�

Ω�([) =−JΩ−(�)
FJ[L+ − FJ[L−

8+ −8−
	�B


Ω−([) = Ω−(�)
8+FJ[L+ −8−FJ[L−

8+ −8−
	�C


XIFSF

L± =
LBD)D− LBC)Q±

√
%

�)
	�B


8± =
LBD)D+ LBC)Q±

√
%

�LBCLBDΩ∗
�Ω+

	�C


%= (LBD)D+ LBC)Q)
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5IF FRVBUJPO 	�
 BSF UIF NBJO SFTVMUT PG PVS QBQFS BOE JO
UIF GPMMPX
 XF XJMM JOWFTUJHBUF UIF FYDIBOHF FGàDJFODZ
 USBOT�
GFS PG PQUJDBM WPSUFY MJHIU BOE TQBUJBMMZ EFQFOEFOU PG UIF
HFOFSBUFE TJHOBM MJHIU JO EJGGFSFOU DPOEJUJPOT PG UIF PQUJDBM
QBSBNFUFST�

�� 3FTVMUT BOE EJTDVTTJPO

*O UIF GPMMPXJOH
 XF XJMM EJTDVTT FYDIBOHF FGàDJFODZ PG UIF
PQUJDBM WPSUFY PG MJHIU WJB BEKVTUJOH UIF PQUJDBM QBSBNFUFST
PG UIF TZTUFN� 8F XJMM TIPX UIBU UIF USBOTGFS PG UIF PQUJDBM
WPSUFY JT QPTTJCMF JO EJGGFSFOU DPOEJUJPOT PG UIF NFEJVN� *O
àHVSF �
 XF TIPX UIF FYDIBOHF FGàDJFODZ WFSTVT QBSBNFUFS
;/- GPS EJGGFSFOU JOUFOTJUZ PG UIF 3BCJ GSFRVFODZ Ω�� )FSF
 XF
SFBMJ[FE UIBU CZ FOIBODJOH UIF 3BCJ GSFRVFODZ
 UIF FYDIBOHF

FGàDJFODZ JODSFBTFT BOE GPS Ω� = �.�γ 	EPUUFE MJOF
 SFBDIFT
UP JUT NBYJNVN WBMVF� *O UIJT DBTF
 EVF UP BCTPSQUJPO MPTTFT
PG UIF NFEJVN
 UIF HFOFSBUFE MJHIU TMJHIUMZ PTDJMMBUFT
 CVU
XIFO QSPQBHBUFT EFFQFS UISPVHI UIF NFEJVN
 UIF BCTPSQUJPO
EJTBQQFBST
 SFTQFDUJWFMZ� *O àHVSF �
 XF EJTQMBZ UIF FYDIBOHF
FGàDJFODZ WFSTVT EFUVOJOH PG UIF HFOFSBUFE MJHIU GPS EJGGFSFOU
3BCJ GSFRVFODZ Ω�� )FSF BMTP XF àOE UIBU UIF FYDIBOHF FGà�
DJFODZ JODSFBTFT CZ FOIBODJOH UIF 3BCJ GSFRVFODZ PG UIF DPVQ�
MJOH MJHIU� )PXFWFS
 UIF FYDIBOHF FGàDJFODZ JT TMJHIUMZ IJHIFS
PO UIF TJEFT PG UIF SFTPOBOU DPOEJUJPO PG UIF HFOFSBUFE MJHIU
XJUI JUT USBOTJUJPO� 5IJT SFTVMU IBT B HPPE BHSFFNFOU XJUI PVS
QSFWJPVT SFTVMU JO àHVSF �� *O UIF GPMMPXJOH
 XF BTTVNF UIBU
POF PS NPSF PG UIF WFSUFY àFMET DPOUBJO PQUJDBM WPSUJDJUJFT� 5IF
GPSNVMBUJPO UIF PQUJDBM WPSUFY MJHIU CZ 3BCJ GSFRVFODZ JT HJWFO
BT GPMMPX�

ΩJ = εJ
( S
X

)|MJ|
F−S�/X�

FJMJϕ 	��


XIFSF
 UIF QBSBNFUFST εJ, S, X, MJBOE ϕ BSF EFàOFE BT TUSFOHUI
PG UIF WPSUFY MJHIU
 UIF EJTUBODF GSPN UIF WPSUFY DPSF JO DZM�
JOESJDBM SBEJVT
 CFBN XBJTU
 0". OVNCFS BOE B[JNVUIBM
BOHMF
 SFTQFDUJWFMZ� *O àHVSF �
 XF DPOTJEFS UIBU UIF DPVQ�
MJOH MJHIU Ω� JT PQUJDBM WPSUFY BOE QMPU UIF FYDIBOHF FGàDJFODZ
WFSTVT QBSBNFUFS S/X GPS EJGGFSFOU PQUJDBM WPSUJDJUZ� )FSF
 POF
DBO àOE UIBU UIF FYDIBOHF FGàDJFODZ JT OPU IJHI GPS TNBMM WPS�
UFY WBMVFT� #VU GPS JUT MBSHFS WBMVF J�F� M� = � 	EBTIFE�EPUUFE
MJOF

 B MBSHF KVNQ JO UIF FGàDJFODZ WBMVF BQQFBST BOE SFBDIFT
UIF NBYJNVN WBMVF� *O GBDU
 DPOUSPMMJOH UIF WBMVF PG UIF WPS�
UFY BU EJGGFSFOU MPDBUJPOT BOE QIBTFT MFBET UP DPOUSPMMJOH UIF
JOUFOTJUZ PG UIF DPVQMJOH àFME
 BOE UIJT DPOUSPMT UIF FGàDJFODZ
BU EJGGFSFOU QPJOUT PG UIF WPSUFY CFBN� 8F LOPX UIBU EVF UP UIF
DMPTFE�MPPQ DPOàHVSBUJPO PG PVS NPEFM
 UIF B[JNVUIBM BOHMF
DBO BGGFDU UIF PQUJDBM QSPQFSUJFT PG UIF NFEJVN� 5IFSFGPSF


�
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'JHVSF �� &GàDJFODZ PG UIF HFOFSBUFE TJHOBM CFBN WFSTVT QSPQBHBUJPO MFOHUI GPS EJGGFSFOU WBMVFT PG 3BCJ GSFRVFODZ Ω�� 5IF TPMJE MJOF
DPSSFTQPOET UP UIF Ω� = �.�γ
 EBTIFE MJOF DPSSFTQPOET UP UIF Ω� = �.�γ BOE EPUUFE MJOF DPSSFTQPOET UP UIF Ω� = �.�γ�5IF PUIFS TFMFDUFE
QBSBNFUFST BSF ∆± =∆� =∆� = �, �γC = �γD = γ, �γE = �γB = �.����γ, Ω� = γ�

'JHVSF �� &YDIBOHF FGàDJFODZ WFSTVT EFUVOJOH PG UIF HFOFSBUFE MJHIU GPS EJGGFSFOU WBMVFT PG 3BCJ GSFRVFODZ Ω�� 5IF TPMJE MJOF DPSSFTQPOET
UP UIF Ω� = �.�γ
 EBTIFE MJOF DPSSFTQPOET UP UIF Ω� = �.�γ BOE EPUUFE MJOF DPSSFTQPOET UP UIF Ω� = �.�γ� 5IF PUIFS TFMFDUFE QBSBNFUFST BSF
TBNF BT àHVSF ��

JO àHVSF �
 XF QMPU UIF BCTPSQUJPO 	B
 BOE EJTQFSTJPO 	C
 PG
UIF HFOFSBUFE TJHOBM MJHIU WFSTVT JUT EFUVOJOH GPS EJGGFSFOU
B[JNVUIBM BOHMF φ� *U DBO CF TFFO UIBU UIF BCTPSQUJPO BOE
EJTQFSTJPO TQFDUSVNT PG UIF QSPCF MJHIU EFQFOET TUSPOHMZ UP
UIF B[JNVUIBM BOHMF PG UIF WPSUFY MJHIU� *O UIJT DBTF
 UIF QSPCF
MJHIU DBO CF BNQMJàFE CZ BMUFSJOH UIF B[JNVUIBM BOHMF BOE TJN�
VMUBOFPVTMZ UIF TMPQ PG UIF EJTQFSTJPO DBO CF DIBOHFE GSPN
QPTJUJWF UP OFHBUJWF
 SFTQFDUJWFMZ� *O àHVSF �
 XF EJTQMBZ UIF
BCTPSQUJPO 	B
 BOE EJTQFSTJPO 	C
 QSPQFSUJFT WFSTVT EFUVOJOH PG
UIF HFOFSBUFE MJHIU GPS EJGGFSFOU QSPQBHBUJPO MFOHUI� )FSF
 XF
SFBMJ[F UIBU UIF BCTPSQUJPO PG UIF HFOFSBUFE MJHIU EFQFOET DPN�
QMFUFMZ UP UIF QSPQBHBUJPO MFOHUI� )FSF
 XF àOE UIBU BU àSTU

UIF HFOFSBUFE àFME JT BCTPSCFE BOE BU UIF FOE
 JT BNQMJàFE�
.PSFPWFS
 UIF TMPQ PG UIF EJTQFSTJPO JT DIBOHFE GPS EJGGFSFOU

WBMVFT PG QSPQBHBUJPO MFOHUI� *O àHVSF �
 XF TIPX UIF JOUFOTJUZ
	B

 	E
 QIBTF 	C

 	F
 BOE BCTPSQUJPO 	D

 	 G
 TQFDUSVNT PG UIF
HFOFSBUFE MJHIU GPS EJGGFSFOU 0". OVNCFST PG WPSUFY MJHIU� *U
DBO CF TFFO UIBU UIF GPS B TNBMM 0". OVNCFS
 UIF JOUFOTJUZ PG
UIF HFOFSBUFE MJHIU IBT TNBMM IPMF BOE GPS MBSHF 0". OVN�
CFS
 UIF JOUFOTJUZ QBUUFSO IBT B MBSHF IPMF� .PSFPWFS
 JU DBO
CF TFFO UIBU UIF QIBTF BOE BCTPSQUJPO PG UIF HFOFSBUFE MJHIU
EFQFOET PO UIF 0". OVNCFS
 SFTQFDUJWFMZ� 5IF QIBTF QSP�
àMF TIPXT UIBU UIF OVNCFS PG UIF DZDMFT BSPVOE UIF DJSDVNGFS�
FODF EFQFOET UP UIF 0". OVNCFS� 5IF BCTPSQUJPO TQFDUSVN
PG UIF HFOFSBUFE MJHIU DIBOHFT QFSJPEJDBMMZ CZ BEKVTUJOH UIF
0". OVNCFS
 SFTQFDUJWFMZ� )FSF
 XF SFBMJ[FE UIBU UIF HBJO
BOE BCTPSQUJPO SFHJPO FRVBM UP UIF 0". OVNCFS PG UIF WPSUFY
MJHIU�
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*O TVNNBSZ
 XF IBWF TUVEJFE UIF FYDIBOHF FGàDJFODZ PG UIF
0". WJB &4$ JO B EPVCMF 7�UZQF 28 OBOPTUSVDUVSF� )FSF

XF BTTVNFE UIBU UIF TZTUFN QSFQBSFE JO &4$ DPOEJUJPO� 5IFO

XF TUVEZ UIF HFOFSBUJPO PG UIF '8.NFDIBOJTN JO UIF TZTUFN
BOBMZUJDBMMZ� 8F TIPX UIBU UIF FYDIBOHF FGàDJFODZ DBO CF DPO�
USPMMFE CZ WBSJPVT QBSBNFUFST TVDI BT JOUFOTJUZ PG UIF DPVQMJOH
MJHIU BOE PSCJUBM BOHVMBS NPNFOUVN� .PSFPWFS
 XF EJTDVTTFE
UIF BCTPSQUJPO BOE EJTQFSTJPO QSPàMFT PG UIF HFOFSBUFE MJHIU
GPS EJGGFSFOU WBMVFT PG B[JNVUIBM BOHMF BOE QSPQBHBUJPO MFOHUI�
"U UIF FOE
 XF TUVEJFE UIF TQBUJBMMZ EJTUSJCVUJPO PG UIF JOUFOT�
JUZ
 QIBTF BOE BCTPSQUJPO PG UIF HFOFSBUFE MJHIU GPS EJGGFSFOU
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