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Abstract
In this paper, we investigate the optical bistability (OB) and optical multistability (OM)
phenomena for a quantum dot nanostructure via two different mechanisms. The first process is
based on the application of the incoherent pumping field while the second one is due to the ratio
between the injection and cavity injection rates. We show that the appearance of OB and OM
properties in the system depends strongly on the presence of these mechanisms. It is found that
OB appears in the presence of both mechanisms, but OM appears only when both mechanisms
are present in the system simultaneously. We also study the linear absorption behaviors for the
case when OB and OM are observed in the system. It is shown that for the multistable state, the
absorption properties of the system are different from the bistable state, which has a strong
dependence on incoherent processes.

Keywords: quantum dot, cavity injection rate, incoherent pumping, optical bistability,
optical multistability

(Some figures may appear in colour only in the online journal)

1. Introduction

During the last few decades there has been an intensive interest
in quantum optical phenomena based on quantum inter-
ference and coherence such as electromagnetically induced

∗
Author to whom any correspondence should be addressed.

transparency [1–3], lasing without inversion [4, 5], coher-
ent population trapping [6, 7], large Kerr nonlinearity [8–12],
multi-wave mixing [13, 14], optical bistability (OB) and
multistability [15–19]. In particular, OB and optical multista-
bility (OM) are physical effects in which any given value
of input intensity can correspond to two (multiple) stable
output states. OB and OM can also be utilized for optical
memory [20], sensors [21] or logic gates [22]. In the past
few years, considerable attention has been paid to the study
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of OB and OM in atomic systems [15–19, 23–25]. The
prodigious success of OB/OM studies in atomic systems has
stimulated considerable efforts in extending these studies to
semiconductor devices [26–33]. This is motivated due to
mature semiconductor manufacturing technologies [34, 35],
for which the interplay between radiation light and semicon-
ductor devices is strongly enhanced in comparisonwith atomic
structures. The main reason is due to their achievable large
dipole moments [36].

Note that all of the studies mentioned above are considered
with a closed system. It is shown that in an open quantum sys-
tem, one can manipulate the optical properties through atomic
exit rate from cavity and atomic injection rates [24, 37–40].
In this paper we investigate the OB and OM for a quantum
dot nanostructure through two different mechanisms, i.e. via
application of the incoherent pumping field and the injection
rates.We show that in the presence of each of the processes OB
occurs. However, the OM appears only when both mechan-
isms are applied simultaneously.We find linear absorption and
dispersion properties of the system are also discussed when
OB andOMare observed. The absorption and dispersion prop-
erties are different for the OM and OB cases.

2. Model and formulation

Let us consider a four-level quantum dot nanostructure sys-
tem in a quasi lambda-type configuration as shown in figure 1.
The quantum system is coherently driven by three fields. A
weak probe laser field ωp with Rabi frequencyΩp = µ31Ep/2ℏ
shines on the transition |1⟩ ↔ |3⟩, while a strong control laser
field ωc with Rabi frequency Ωc = µ32Ec/2ℏ is applied on the
transition |2⟩ ↔ |3⟩. Additionally, the transition |1⟩ ↔ |4⟩ is
coupled by a coherent pump field of frequency ωs and Rabi
frequency Ωs = µ41Es/2ℏ. It is noted that here µij denotes the
dipole moment for the transition between levels |i⟩ and |j⟩.
An incoherent pumping field with the pump rate 2Λ is applied
between levels |1⟩ and |3⟩.

Under the rotating wave and electric dipole approxima-
tions, the equations of motion for the density matrix elements
for the system become:

ρ̈11 =−iΩpρ13 + iΩ∗
pρ31 − iΩsρ14 + iΩ∗

s ρ41 + γ41ρ44

+ γ31ρ33 −Λ(ρ11 − ρ33)+ J1 − r0ρ11,

ρ̈22 = iΩ∗
cρ32 − iΩcρ23 + γ42ρ44 + γ32ρ33 + J2 − r0ρ22,

ρ̈33 = Λ(ρ11 − ρ33)− iΩcρ23 − iΩ∗
cρ32 + iΩpρ13 − iΩ∗

pρ31

− (γ31 + γ32)ρ33 − r0ρ33,

ρ̈44 = iΩsρ14 − iΩ∗
s ρ41 − (γ41 + γ42)ρ44 − r0ρ44,

ρ̈12 = i(∆p −∆c)ρ12 + iΩ∗
pρ32 + iΩ∗

s ρ42 − iΩcρ13 −Λρ12,

ρ̈13 = i∆pρ13 − iΩ∗
cρ12 + iΩ∗

p (ρ33 − ρ11)+ iΩ∗
s ρ43

− [(γ31 + γ32)/2]ρ13 −Λρ13,

ρ̈14 = i∆sρ14 − iΩ∗
s (ρ11 − ρ44)+ iΩ∗

pρ34

− [(γ41 + γ42)/2]ρ14 −Λρ14,

ρ̈23 = i∆cρ32 − iΩ∗
c (ρ22 − ρ33)− iΩ∗

pρ21

− [(γ31 + γ32)/2]ρ23 −Λρ23,

ρ̈24 =−i(∆s −∆p +∆c)ρ24 + iΩ∗
cρ34 − iΩ∗

s ρ21

− (γ42 + γ41)ρ24 −Λρ24,

ρ̈34 =−i(∆s −∆p)ρ34 + iΩpρ14 + iΩcρ24 − iΩ∗
s ρ31

− [(γ42 + γ41 + γ31 + γ32)/2]ρ34 −Λρ34. (1)

where ρ11 + ρ22 + ρ33 + ρ44 = 1 and ρ∗ji = ρij. Here ∆p =
ω31 −ωp, ∆c = ω32 −ωc,and ∆s = ω41 −ωs are the detun-
ing of the probe, control and pump fields, respectively, with
ωij = ωi−ωj being the frequency deference between level |i⟩
and |j⟩. The decay rates are represented by γij. Note that the
lifetime broadening and dephasing broadening linewidth has
been added phenomenologically in the density matrix. J1 and
J2 are the injection rates for levels |1⟩ and |2⟩, respectively,
and r0 is the exit rates from the cavity. We also assume that
r0 = J1 + J2. When r0 = J1 = J2 = 0, this system changes to
a closed system. The ratio of injection rates is defined by
X= J2/J1. The set of density matrix equations can be used to
study the response of the medium to the applied fields, by cal-
culating the susceptibility of the probe field, which is defined
by

χp =
N|µ31|2ρ31
2ℏε0Ωp

(2)

where N is the density number in the medium. Next, we
assume a medium composed of such a quantum system which
is immersed in unidirectional ring cavity as shown in figure 2.
Both mirrors 3 and 4 are perfect reflectors and the intensity
reflection and transmission of mirrors 1 and 2 are R and T
(R + T = 1), respectively.

The dynamics response of the probe beam is given byMax-
well’s equations:

∂Ep

∂t
+ c

∂Ep
∂z

=
iωp

2ε0
P(ωp) (3)

where P(ωp) corresponds to induced polarization. In the
steady-state regime and perfect tuned mirrors one can obtain:

Ep(L) =
ETp√
T
, (4a)

Ep(0) =
√
TEI

p +REp(L), (4b)

where L denotes length of the Quantum dot (QD) sample and
EI
P(E

T
p ) is the incident (transmitted) light. The steady state

behavior of transmitted field according to the mean-field limit
and by using the boundary condition, is given by:

y= 2x− iα(Re(ρ31)+ i Im(ρ31)) (5)

where y= µcaEIp
/
ℏ
√
T and x= µcaETp

/
ℏ
√
T denote the nor-

malized input and output field, respectively. The parameter
α= NωpLµ31

2
/
2ℏε0cT is the cooperatively parameter for

quantum system in a ring cavity.
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Figure 1. A four-level QD Nanostructure interacting with a weak probe field and two strong fields.

Figure 2. Unidirectional ring cavity with a QD sample.

3. Results and discussion

In this section, we analyze the OB and OM properties of
the quantum system through adapting two incoherent pro-
cesses; i.e. incoherent pumping field and cavity injection rates.
We select the Rabi frequency of the control and signal fields
as Ωc = 3γ31 and Ωs = 0.5γ31, respectively. The decay rates
for corresponding transitions are γ31 = 6THz, γ41 = γ42 = γ31
and γ32 = γ31 . In figure 3, we display the effect of an incoher-
ent pumping field for the weak (a) and strong (b) intensities

on the input–output properties of the propagating light for
the closed QD system. Figure 3(a) shows that the threshold
of OB decreases by increasing the rate of incoherent pump-
ing field. For a strong incoherent pumping field the threshold
of the OB increases by enhancing the rate of the incoher-
ent pumping field (figure 3(b)). The physical mechanism of
such unexpected behavior can be explained by the absorp-
tion spectrum. Figure 4(a) implies that for a weak incoherent
pumping rate, the linear absorption decreases by increasing
the rate of incoherent pumping field. In fact, for Λ = 0 the

3
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Figure 3. Plot of output–input field intensity for a closed QD system (J2 = J1 = r0 = 0) (a) Λ = 0.0 (solid line), Λ = 0.2γ31 (dashed line)
and Λ = 0.4γ3̀ (dotted line), and (b) Λ = 1.2γ31 (solid line), Λ = 1.4γ31 (dashed line) and Λ = 1.8γ31 (dotted line). Selected parameters are
∆p = 0.5γ31,Ωc = 3γ31, Ωs = 0.5γ31,γ32 = γ41 = γ42 = γ31.

two absorption peaks located at ∆p =±0.5γ31 reach 0.225.
However, for a strong incoherent pumping field the absorp-
tion spectrum is converted to the gain. Further enhancing the
rate of incoherent pumping field leads the gain to increase

substantially (figure 4(b)). Physically, increasing the rate of
incoherent pumping field may reduce the probe field absorp-
tion and thus enhance the Kerr nonlinearity of medium. This
makes it easier for the cavity field to reach saturation. As a

4
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Figure 4. Plot of linear absorption for a closed QD system (J2 = J1 = r0 = 0) (a) Λ = 0.0 (solid line), Λ = 0.2γ31 (dashed line) and
Λ = 0.4γ3̀ (dotted line), and (b) Λ = 1.2γ31 (solid line), Λ = 1.4γ31 (dashed line) and Λ = 1.8γ31 (dotted line). The other parameters are
the same as figure 3.

result, the enhancement of the gain in the medium means it
is hard for the field to reach the saturation. That indicates
that the linear absorption (or gain) has a critical role in the
reduction or enhancement of the bistability threshold. This
also implies that the nonlinear behavior of the mediummay be

controlled by the rate of an incoherent pumping field. Next, we
show in figure 5 the effect of incoherent pumping field on the
input–output properties of the propagating light for an open
QD system, i.e. r0 = 0.1 and J2/J1 = 0.5. It is seen that by
increasing the rate of incoherent pumping field the threshold

5
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Figure 5. Plot of output–input field intensity for an open QD system (J2 = J1 = 0.5, r0 = 0.2) (a) Λ = 0.6γ31 (solid line), Λ = 0.7γ31
(dashed line) and Λ = 0.8γ3̀ (dotted line), and (b) Λ = 2γ31 (solid line), Λ = 2.5γ31 (dashed line) and Λ = 3γ31 (dotted line). Other
parameters are the same as figure 3.

of OB decreases (figures 5(a) and (b)). In this case by increas-
ing the rate of the incoherent pumping field the probe field
absorption decreases dramatically resulting in the reduction
of the OB threshold (figures 6(a) and (b)). In the presence of

cavity injection rates, i.e. r0, J2, J1 and when the incoherent
pumping field is illuminated, the population will be trapped
in the upper levels. Thus, the probe field absorption will be
reduced by increasing the rate of incoherent pumping field.

6



Laser Phys. 33 (2023) 056001 M Saeed Mohammed et al

Figure 6. Plot of linear absorption for open QD system (J2 = J1 = 0.5, r0 = 0.2). (a) Λ = 0.6γ31 (solid line), Λ = 0.7γ31 (dashed line) and
Λ = 0.8γ3̀ (dotted line), and (b) Λ = 2γ31 (solid line), Λ = 2.5γ31 (dashed line) and Λ = 3γ31 (dotted line). Other parameters are same as
figure 3.

Therefore, the gain does not appear due to the existence of
incoherent processes. We emphasize that the above results
are derived under the condition that the cavity injection rates

are equally weak. Finally, we display in figure 7 the effect
of cavity injection rate on the input–output properties of the
propagated light for a weak (a) and strong (b) incoherent

7
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Figure 7. Plot of output–input field intensity for different values of cavity injection rate. In part (a) Λ = 0.2γ31 and J2/J1 = 1 (solid line),
J2/J1 = 2 (dashed line). In part (b) Λ = 3γ31 and J2/J1 = 2 (solid line), J2/J1 = 3 (dashed line). The other selected parameters are same as
figure 3.

pumping rates. We find that for weak values of incoherent
pumping rate, i.e., Λ = 0.2γ31 (figure 7(a)), the rate threshold
of OB reduces by enhancing the cavity injection while for a
strong incoherent pumping rate, i.e.Λ = 3γ31 (figure 7(b)), the

OB converts to OM. The OM threshold increases by further
increasing the cavity injection rate. Therefore, by tuning inco-
herent processes of the system switching from OB to OM is
possible.

8
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4. Conclusions

In summary, we have discussed the OB and OM in a four-level
quantum dot nanostructure via two different incoherent pro-
cesses. We found that in the absence of cavity injection rates,
the threshold of OB can be controlled by the incoherent pump-
ing rate. For a weak incoherent pumping rate, the threshold
of OB decreases by increasing the incoherent pumping rate,
while for a strong incoherent pumping limit, the threshold of
OB increases by enhancing the incoherent pumping rate. How-
ever, in the weak limit of the cavity injection rate, the threshold
of OB decreases for a strong incoherent pumping rate. We also
found that in the strong incoherent pumping field limit, OB can
be switched to the OM by tuning the cavity injection rate
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