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Thermoelastic dissipation or thermoelastic damping (TED) can restrict the quality fac-
tor of micro/nanoring resonators seriously. This paper employs the non-Fourier model
of Guyer–Krumhansl (GK model) to render a size-dependent formulation and analytical
solution for approximating the amount of TED in micro/nanorings with circular cross-
section by inclusion of nonlocal and single-phase-lagging effects. To fulfill this objective,
the equation of heat conduction in the ring is first established according to GK model.

Then, by placing the temperature distribution obtained from the heat conduction equa-
tion in the TED relation defined on the basis of thermal energy approach, an expression
in the form of infinite series is given for TED, which includes non-classical parameters
of GK model. Finally, after checking the validity of the model through a comparative
study, several simulation results are prepared to emphasize on the influence of different
factors such as non-classical parameters of GK model, geometry of ring, vibrational mode
and ambient temperature on TED value. Numerical examples reveal that the mentioned
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factors along with the two- or three-dimensional heat transfer (2D or 3D) model have
major influences on TED variations.

Keywords: Thermoelastic damping; micro/nanoring resonators; circular cross-section;
Guyer–Krumhansl model; non-Fourier effect.

Nomenclature

Symbol (unit) Description of the symbols

R (m), θ (rad) and Z(m) : Principal directions of global cylindrical
coordinate system

x (m), y (m) and z (m) : Principal directions of local Cartesian
coordinate system

r (m) and φ (rad) : Principal directions of local polar
coordinate system

R0 (m) and r0 (m) : Mean and cross-sectional radius of ring,
respectively

w (m) : Radial displacement
σθθ (Pa) : Tangential normal stress

εRR, εθθ and εzz : Radial, tangential and axial normal
strains, respectively

εii : Trace of strain tensor
E (Pa), ν and ρ (kg/m3) : Elasticity modulus, the Poisson ratio

and mass density, respectively
α (1/K), k (W/mK) and cv (J/kgK) : Thermal expansion coefficient, thermal

conductivity and specific heat per unit
mass, respectively

Ti (K), Ta (K) and T (K) : Instantaneous temperature, ambient
temperature and temperature change,
respectively

t (s) : Time
q(W/m2) : Heat flux vector

τ (s) and l (m) : Relaxation time and nonlocal parameter,
respectively

χ (m2/s) and ΔE : Thermal diffusivity and relaxation
strength, respectively

n : Mode number of vibration
ωn (rad/s) : The nth frequency of vibration

I (m4) and A (m2) : Moment of inertia of cross-sections and
cross-sectional area, respectively

σ̂θθ (Pa) and ε̂θθ : Maximum value of tangential normal
stress and strain, respectively
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ΔU (J) and Umax (J) : Dissipated thermal energy and maximum strain
energy per cycle, respectively

Q−1
3D : Inverse of three-dimensional quality factor

1. Introduction

Since micro/nano electromechanical systems (MEMS/NEMS) possess distinctive
attributes such as low volume, small dimensions, use of little energy and high per-
sistence, the demand for their use in scientific and engineering communities has
increased day by day. Micro/nanoring resonators are favorite components utilized
in MEMS/NEMS. Owing to their simple shape, small-sized rings are extensively
exploited as components of vibratory gyroscopes,1 rate sensors,2 multi-axis angular
velocity sensors,3 dual-mode MEMS-based resonators,4 force sensor,5 the electro-
optical modulator,6 ultrasonic-motor actuator,7 label-free sensor,8 etc. According
to the increasing demand for the use of this category of resonators, the issue of
energy loss and achieving a high-quality factor is one of the key goals in their opti-
mal design. The most well-known and widely used of these rings are those with
rectangular or circular cross-section.

In the classical Fourier model of heat conduction, it is assumed that the trans-
mission of thermal signals in solid bodies is carried out at an infinite speed. This
assumption clearly contradicts the heat transfer in some special cases. According to
several experimental tests, the validity of the Fourier model is challenged in condi-
tions like large temperature gradients, thermal shocks, high-rate heating, short-time
response and small scales.9,10 Hence, several non-Fourier heat conduction models or
generalized thermoelasticity theories have been introduced to improve the classical
model. Lord and Shulman11 incorporated a relaxation time parameter within the
Fourier model to develop their model (LS model) and capture size effect in time
domain. For taking into account the size effect in both time and space domains,
Tzou12 proposed the dual-phase-lag (DPL) model by accommodating two-phase
lag parameters into the classical Fourier model. By inclusion of both phase-lagging
and nonlocal effects in the Fourier model, Guyer and Krumhansl13 established a
mathematical description (GK model) for heat conduction in solid media. Green
and Naghdi14 put forward a model called GN-III model in which the propaga-
tion of thermal signals is characterized in an area with energy loss and high-rate
excitation.

Theoretical and empirical researches have revealed that thermoelastic damping
(TED) is a significant energy dissipation mechanism in micro/nanoresonators at
room temperature. TED is caused by irreversible thermal currents in an oscillating
thermoelastic solid. Thereby, it is impossible to be absolutely omitted by improv-
ing the manufacturing process. Accordingly, precious estimation of TED value for
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optimizing the design of high-quality factor miniaturized structures is decisive. By
means of the Fourier model, the first mathematical model for calculating TED in
Euler–Bernoulli beams was provided by Zener15 on the basis of thermal energy
approach. Years later, Lifshitz and Roukes16 arrived at a simple and single-term
expression for TED in Euler–Bernoulli beams within the framework of the fre-
quency approach. After that, by exploiting different models of heat conduction,
many articles about TED in micro/nanostructures have been published.

Wong et al.17 employed frequency approach to derive a closed-form solution for
computing TED value in rectangular cross-sectional rings. Lu et al.18 applied the
Donnell–Mushtari–Vlasov (DMV) equations for thin shells in the context of classi-
cal continuum theory (CT) and the Fourier model to evaluate TED in miniaturized
cylindrical shells. By utilizing the Fourier model, Li et al.19 developed a mathemat-
ical model to determine TED value in circular and rectangular microplates with
the aid of thermal energy approach. In the work of Fang and Li,20 thermal energy
approach as well as the 2D Fourier model have been used to attain an analytical
solution for calculation of TED value in thin rings with rectangular cross-section.
In studies similar to the paper published by Fang and Li,20 Zhou et al.21 and Zhou
and Li22 examined the influence of phase lag parameters on TED value in rect-
angular cross-sectional micro/nanorings via LS and DPL models, respectively. For
clarifying small-scale effect on the magnitude of TED in circular nanoplates, in the
context of nonlocal theory (NT) and DPL model, Xiao et al.23 provided an exact
solution for TED. Within the framework of both 2D and 3D models for heat con-
duction, TED in miniaturized rings with circular cross-section has been appraised
based on the Fourier and LS models by Li et al.24 and Kim and Kim,25 respectively.
In the paper of Li and Esmaeili,26 NT together with GK model has been used to
attain a model computing TED value in axisymmetric circular nanoplates. Tai and
Chen27 employed CT and the Fourier model to establish an analytical model for
evaluation of TED in out-of-plane vibrations of rectangular cross-sectional micror-
ings. By means of fractional order theory of thermoelasticity, Abbas and Hobiny28

investigated the impact of non-classical parameters on TED in small-sized beam res-
onators. By simultaneously applying the modified couple stress theory (MCST) and
nonlocal dual-phase-lag (NDPL) model, Zhou et al.29 developed a size-dependent
model for TED in small-scaled rings with circular cross-section. According to MCST
and three-phase-lag (TPL) heat conduction model, Kumar and Mukhopadhyay30

derived an explicit solution for TED in the Kirchhoff rectangular microplates. Zhou
et al.31 established analytical TED models for fully clamped and simply supported
rectangular plates by accounting for 3D case of GK heat conduction model. In the
research of Zhou and Li,32 TED in miniaturized rectangular and circular plates has
been surveyed by way of MCST and nonlocal version of DPL model. By exploiting
MCST and DPL model, Borjalilou and Asghari33 proposed an analytical model
for estimating TED value in electrically actuated microresonators. In the context
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of GK model, Zhou et al.34 proposed 1D and 2D models for TED in rectangular
cross-sectional micro/nanoring resonators. In addition to the mentioned studies,
many other investigations have been accomplished on the analysis of mechanical
and thermoelastic behaviors of beams,35–61 plates,62–75 shells76–82 and thermoelas-
tic media.83–91

As per the topics discussed above, among the various mechanisms of energy
loss in mechanical components with micron and submicron dimensions, TED is of
particular significance in a way that can disrupt their optimal performance. The
literature review also reveals that heat conduction in such small structures is abso-
lutely influenced by size. Given these two issues, one can deduce that employing
non-Fourier models of heat transfer plays a vital role in computing the correct value
of TED in micro/nanostructures. To the best of authors’ knowledge, this is the first
study that renders a mathematical simulation and analytical solution for TED in
rings with circular cross-section in the purview of non-Fourier model of Guyer–
Krumhansl. Given that this model reflects both phase-lagging and nonlocal effects,
it is more comprehensive than Fourier and LS models, and leads to more accurate
predictions. To establish a model on the basis of GK model, in the first step, the
equation of heat conduction in the circular cross-sectional ring is extracted within
the framework of this non-classical model. By substituting the profile of tempera-
ture derived from the equation of heat conduction in the TED relation introduced
via thermal energy approach, an analytical formula containing phase lag and non-
local parameters is then established for TED. In the end, after assessment of the
correctness of the presented formulation by performing a comparison study, various
numerical examples are provided to enlighten the role of some significant factors like
non-classical parameters of GK model, dimensions of ring, vibration mode number
and reference temperature in the variations of TED.

2. Problem Definition

Consider a circular cross-sectional ring with mean radius R0 and cross-sectional
radius r0, as shown in Fig. 1. A global cylindrical coordinate system (R, θ, Z) is
fixed at the center of ring. Moreover, a local coordinate system (x, y, z) is attached
to the cross-section of the ring. Furthermore, parameter φ refers to the local angle.
The radial displacement is also represented by w. Hence, the tangential strain is
given by:24

εθθ = − x

R2
0

(
w +

∂2w

∂θ2

)
. (1)

According to thermoelastic constitutive relation, one can write24

εθθ =
σθθ

E
+ αT, (2)
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Fig. 1. Configuration of a circular cross-sectional ring.

where σθθ is the tangential normal stress. Material constants E and α stand for
the elasticity modulus and coefficient of thermal expansion, respectively. In addi-
tion, variable T = Ti − Ta represents the temperature change with Ti and Ta as
instantaneous and ambient temperatures, respectively. According to Eq. (2), one
can obtain:

σθθ = Eεθθ − EαT. (3)

Constitutive relations in two other directions have the following form:24

εRR = εzz = −ν
σθθ

E
+ αT, (4)

where parameter ν denotes the Poisson ratio. Moreover, εRR and εzz stand for the
normal strains in the direction of R and z, respectively.

Within the framework of the Guyer–Krumhansl (GK) model, the constitutive
relation of heat conduction is written as follows:10

q + τ
∂q

∂t
= −k∇T + l2[∇2q + 2∇(∇q)], (5)

in which q denotes the vector of heat flux. Symbol ∇ refers to the gradient vector.
Moreover, parameter k is the thermal conductivity of medium. Material constant
τ is also known as relaxation time or heat flux phase lag parameter. Furthermore,
parameter l refers to nonlocal parameter.

The equation of conservation of energy is expressed as follows:12

− ∇ · q = ρcv
∂T

∂t
+ Taβ

∂εii

∂t
, (6)
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where ρ and cv are the mass density and specific heat per unit mass of the material,
respectively. Parameter β = Eα/(1 − 2ν) is the thermal modulus. Variable εii is
also called volumetric strain, which is equal to the trace of strain tensor ε. Now,
by combining Eqs. (5) and (6) and eliminating q, one can achieve the constitutive
relation of heat conduction corresponding to GK model as follows:

k∇2T =
(

1 + τ
∂

∂t
− 3l2∇2

) (
ρcv

∂T

∂t
+ Taβ

∂εii

∂t

)
. (7)

By employing Eqs. (1), (3) and (4), the following relation for volumetric strain
is derived:

εii = −(1 − 2ν)
x

R2
0

(
w +

∂2w

∂θ2

)
+ 2(1 + ν)αT. (8)

By inserting Eq. (8) into Eq. (7) and simplifying the obtained equation, one can
attain the following equation:

χ∇2T −
[
1 +

2(1 + ν)
1 − 2ν

ΔE

] (
1 + τ

∂

∂t
− 3l2∇2

)
∂T

∂t

= −ΔE

α

(
1 + τ

∂

∂t
− 3l2∇2

)
∂

∂t

[
x

R2
0

(
w +

∂2w

∂θ2

)]
, (9)

where χ = k/ρcv and ΔE = Eα2Ta/ρcv. The value of parameter ΔE is usually
small, that is ΔE � 1. Therefore, Eq. (9) takes the following form:

χ∇2T −
(

1 + τ
∂

∂t
− 3l2∇2

)
∂T

∂t

= −ΔE

α

(
1 + τ

∂

∂t
− 3l2∇2

)
∂

∂t

[
x

R2
0

(
w +

∂2w

∂θ2

)]
. (10)

3. Derivation of Temperature Distribution

By considering simple harmonic oscillations, one can express temperature change
T and radial displacement w as follows:24

T = T0(R, θ, z)eiωnt, (11)

w = Wn sin (nθ)eiωnt. (12)

Here, parameter ωn represents the nth frequency of oscillation determined as
follows:24

ωn =
n

(
n2 − 1

)
√

n2 + 1

√
EI

ρAR4
0

for n ≥ 2, (13)
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where I = πr4
0/4 and A = πr2

0 introduce the moment of inertia and cross-sectional
area, respectively. It can be written according to Fig. 1:

x = r sinφ, (14)

z = r cosφ. (15)

Substitution Eqs. (11), (12) and (14) into Eq. (10) results in(
χ + 3iωnl2

)∇2T0 −
(
iωn − τω2

n

)
T0

= −ΔE

α

(
iωn − τω2

n − 3iωnl2∇2
) [

r sin φ

R2
0

(1 − n2)Wn sin(nθ)
]

(16)

The Laplacian operator is expressed as follows:25

∇2 =
∂2

∂R2
+

1
R

∂

∂R
+

1
R2

∂2

∂θ2
+

∂2

∂z2
. (17)

In thin rings, one can write R0 � x. By considering this fact as well as Eq. (15)
and relation R = R0 + x, the Laplacian operator becomes:25

∇2 =
∂2

∂r2
+

1
r

∂

∂r
+

1
R2

0

∂2

∂θ2
+

1
r2

∂2

∂φ2
. (18)

By inserting above relation into Eq. (16), applying operator ∇2 to the right side
of Eq. (16) and sorting the result, one can arrive at the following equation:

(
χ + 3iωnl2

) (
∂2T0

∂r2
+

1
r

∂T0

∂r
+

1
R2

0

∂2T0

∂θ2
+

1
r2

∂2T0

∂φ2

)
− (

iωn − τω2
n

)
T0

= −ΔE

α

(
iωn − τω2

n + 3iωnl2
n2

R2
0

) [
r sin φ

R2
0

(
1 − n2

)
Wn sin (nθ)

]
. (19)

By looking carefully at the above partial differential equation, one can realize
that this equation is Bessel type in terms of r and trigonometric type in terms of
θ and φ. Therefore, similar to the approach used in the paper of Zhou et al.,31 the
trial function for T0 based on the Galerkin approach can be expressed as follows:

T0 =
∞∑

p=1

∞∑
q=1

ApqJ1

(
aq

r0
r

)
sin (pθ) sin φ, (20)

in which J1 denotes the first-order Bessel function of first kind. It is assumed that
the surface of ring is insulated, i.e. ∂T0/∂r = 0 at r = r0. Substitution of Eq. (20)
into this thermal boundary condition and utilization of the properties of Bessel
functions yields

J0(aq) − J2(aq) = 0. (21)

The details of deriving the above equation are given in the appendix. Table 1 con-
tains the roots of aq extracted by the numerical solution of the above equation. The
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Table 1. The values of aq .

q 1 2 3 4 5 6 7 8 9 10

aq 1.841 5.331 8.536 11.706 14.864 18.016 21.164 24.311 27.457 30.602

orthogonality property of Bessel and trigonometric functions is employed for deriv-
ing the coefficients Apq . How to use these properties has been completely explained
in the paper of Li et al.24 By inserting Eq. (20) into (15), multiplying the obtained
equation by rJ1(

aj

r0
r) sin (nθ) sin φ, and integrating the result over the entire volume

of the ring, one can obtain:

Ajn =
ΔE

α

2r0

R2
0

(1 − n2)Wn

(a2
j − 1)J1(aj)

(iωn − τω2
n)τj

(1 + 3iωn
l2

χ )(1 + γ2
jn) + (iωn − τω2

n)τj

, (22)

where

γjn =
n

aj

r0

R0
. (23)

τj =
r2
0

χa2
j

. (24)

By substituting Eq. (22) into Eq. (20), one can separate the real and imaginary
parts of T0 (i.e. Re(T0) and Im(T0)) as follows:

Re(T0) =
ΔE

α

2r0

R2
0

(1 − n2)Wn sin (nθ) sinφ

∞∑
j=1

J1(
aj

r0
r)

(a2
j − 1)J1(aj)

−τjτω2
n(1 + γ2

jn − τjτω2
n) + τjω

2
n[3(1 + γ2

jn) l2

χ + τj ]

(1 + γ2
jn − τjτω2

n)2 + [3(1 + γ2
jn) l2

χ + τj ]2ω2
n

.

(25)

Im(T0) =
ΔE

α

2r0

R2
0

(1 − n2)Wn sin (nθ) sinφ

∞∑
j=1

J1(
aj

r0
r)

(a2
j − 1)J1(aj)

τjωn(1 + γ2
jn − τjτω2

n) + τjτω3
n[3(1 + γ2

jn) l2

χ + τj ]

(1 + γ2
jn − τjτω2

n)2 + [3(1 + γ2
jn) l2

χ + τj ]2ω2
n

.

(26)

4. Determination of TED Value

Based on the definition of TED in thermal energy approach, the amount of TED is
estimated via the following relation:15

Q−1 =
1
2π

ΔU

Umax
, (27)
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in which Q refers to the quality factor of the vibrating resonator. Moreover, ΔU rep-
resents the dissipated thermal energy per cycle of oscillation, and Umax denotes the
most strain energy in the resonator during a cycle of vibration. The dissipated ther-
mal energy in an oscillating resonator during a cycle of vibration can be calculated
by:92

ΔU = −π

∫∫∫
V

σ̂ijIm
(
ε̂th

ij

)
dV , (28)

where V denotes the volume of the vibrating body. Additionally, the symbol ∧
is a sign for the maximum magnitude of a variable during a cycle of oscillation.
According to Eq. (28), the value of ΔU in a toroidal ring is given by

ΔU = −π

∫∫∫
V

σ̂θθIm (αT0) dV . (29)

By using Eqs. (1), (3) and (11), and ignoring thermal stress, the following rela-
tions can be obtained:

ε̂θθ = − x

R2
0

(1 − n2)Wn sin(nθ) = −r sin φ

R2
0

(1 − n2)Wn sin(nθ). (30)

σ̂θθ = −Ex

R2
0

(1 − n2)Wn sin(nθ) = −Er sinφ

R2
0

(1 − n2)Wn sin(nθ). (31)

Furthermore, the following relation is true for a circular cross-sectional ring:

dV = (R0 + x)dθ · rdφ · dr = (R0 + r sinφ)dθ · rdφ · dr. (32)

Substitution of Eqs. (26), (31) and (32) into Eq. (28) and integration over the
entire volume of the ring yields the following result for ΔU :

ΔU = ΔE · π2EIR0

[
(1 − n2)Wn

R2
0

]2

×
∞∑

j=1

8
a2

j(a
2
j − 1)

τjωn(1 + γ2
jn − τjτω2

n) + τjτω3
n[3(1 + γ2

jn) l2

χ + τj ]

(1 + γ2
jn − τjτω2

n)2 + [3(1 + γ2
jn) l2

χ + τj ]2ω2
n

.

(33)

The amount of Umax is also calculated as follows:92

Umax =
1
2

∫∫∫
V

σ̂ij ε̂ijdV . (34)

The above relation takes the following form for a ring:

Umax =
1
2

∫∫∫
V

σ̂θθ ε̂θθdV. (35)

Utilization of Eqs. (30)–(32) into Eq. (35) leads to:

Umax =
πEIR0

2

[
(1 − n2)Wn

R2
0

]2

. (36)
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By substituting Eqs. (33) and (36) into Eq. (27), one can achieve the following
expression for TED in circular cross-sectional miniaturized rings corresponding to
3D-GK model:

Q−1
3D = ΔE

∞∑
j=1

Cj

τjωn(1 + γ2
jn − τjτω2

n) + τjτω3
n[3(1 + γ2

jn) l2

χ + τj ]

(1 + γ2
jn − τjτω2

n)2 + [3(1 + γ2
jn) l2

χ + τj ]2ω2
n

, (37)

where Cj is called the weighting coefficient, which is obtained from the following
relation:

Cj =
8

a2
j(a

2
j − 1)

. (38)

5. Results and Discussion

5.1. Convergence study

In this subsection, a convergence study is +performed to determine the sufficient
number of terms appearing in Eq. (37) to reach a convergent and reliable response.
As the first step, the values of the weighting coefficients Cj are calculated by using
the roots of Eq. (21). For the first 10 terms, the results of these calculations are
given in Table 2. As it is evident, when the value of j ascends, the value of the
weighting coefficient Cj lessens significantly. Although the weighting coefficient Cj

is a part of solution, and not all of it, it can be clearly seen that with the increase
of the value of j, its impact on the result disappears swiftly. In the next step, the
ratio of TED value by considering 1, 2 and . . . up to 10 terms of the presented
solution to TED value obtained by including 10 terms of this solution is depicted
in Fig. 2 for 2D and 3D models. Indeed, in this figure, Q−1

j and Q−1
10 represent the

value of TED including the first j terms and the first 10 terms of the proposed
solution, respectively. To extract these curves, a ring made of silicon (Si) with
geometric parameters r0 = 500 nm and r0/R0 = 0.05 at ambient temperature Ta =
293 K is considered. The mechanical and thermal properties of Si at some ambient
temperatures are given in Table 3. The nonlocal parameter l is assumed to be
40 nm. As can be seen, for all considered vibrational modes, with the increase of

Table 2. The values of weighting coefficients Cj .

j 1 2 3 4 5

Cj 0.987 0.010 1.528 ∗ 10−3 4.292 ∗ 10−4 1.647 ∗ 10−4

C1/Cj 1 98.7 645.942 2299.627 5992.714

j 6 7 8 9 10

Cj 7.618 ∗ 10−5 3.996 ∗ 10−5 2.294 ∗ 10−5 1.409 ∗ 10−5 9.132 ∗ 10−6

C1/Cj 12956.156 24699.700 43025.283 70049.681 108081.472
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(a)

(b)

Fig. 2. Convergence study for a ring with r0 = 500 nm and r0/R0 = 0.05 for (a) 2D (b) 3D models.
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Table 3. Mechanical and thermal constants of silicon at different ambient temperatures.21

Ta (K) E (GPa) ρ (kg/m3) k (WmK) ρcv (J/m3K) α (10−6/K) τ (ps)

40 169.3 2330 3660 0.1∗106 −0.164 1511.13

80 169.2 2330 1360 0.4∗106 −0.472 140.46
160 168.5 2330 375 1.1∗106 0.689 14.14
293 165.9 2330 156 1.7∗106 2.59 3.87
400 163.1 2327 105 1.8∗106 3.253 2.5

Fig. 3. Comparison of the results of this study with the results in the literature.

the terms involved in the calculations, the value of TED rapidly converges to the
result obtained by accounting for the first 10 terms. Hence, it can be concluded that
taking into account the first 10 terms of the solution given in Eq. (37) is enough to
attain an answer with high accuracy.

5.2. Validation of developed model

This subsection is devoted to examination of the validity and accuracy of the pre-
sented formulation. For this purpose, the outcomes of this paper are compared with
the results of the research of Li et al.,24 in which an analytical model for TED in
circular cross-sectional microrings has been established according to classical heat
conduction or the Fourier model. In other words, to compare the findings of this
work and those of Li et al.,24 the phase lag parameter τ and nonlocal parameter
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l should be set to zero. It should also be mentioned that to calculate TED in 2D
model, it is enough to set parameter γjn in Eq. (37) equal to zero. In Fig. 3, the varia-
tions of TED with respect to mode number n is displayed for a ring with r0 = 10 μm
and r0/R0 = 0.02. The properties of the ring material at temperature Ta = 300 K
are E = 157 GPa, ρ = 2330 kgm−3, cv = 699.6 Jkg−1K−1, α = 2.6 ∗ 10−6 K−1,
k = 90 Wm−1K−1. It is also to be noted that the first 10 terms of the presented
solution are used to derive the results. As it is clear, the curves extracted via the
presented relation and those reported by Li et al.24 match each other. This agree-
ment can be a proof of the accuracy and validity of the model provided in this
study.

6. Numerical Examples

Through a detailed parametric study, this subsection surveys the dependence of
TED value on some determining factors. The simulation results are derived for
rings made of Si by making use of the first 10 terms of the presented solution.
According to what has been mentioned in Refs. 93 and 94, by means of a quantitative
approach, the value of relaxation time can be estimated in terms of measurable
macroscopic parameters through the relation τ = 3χρ/E. Mechanical and thermal
properties of Si at different ambient temperatures, including phase lag parameter τ ,
are listed in Table 3.21 As for the nonlocal parameter l, which can be defined by
the mean free path of energy carriers, different values have been reported for some
materials. For instance, nonlocal parameter of silicon has been determined about
20-100nm.47,95 The average amount of nonlocal parameter of graphene at room
temperature has been estimated to be 100nm.96 In another study, via molecular
dynamics (MD) simulation, nonlocal parameter of graphene has been reported as
80 nm.97 Moreover, for copper (Cu) and gold (Au), the ranges of 36-40nm and
31-40nm have been reported for nonlocal parameter.31 Accordingly, in the present
work, l has been chosen in the interval of –80 nm to examine the impact of size
on heat conduction domain. Except for the cases where the influence of ambient
temperature on the amount of TED is discussed, the rest of numerical results are
given for ambient temperature Ta = 293 K.

In Figs. 4(a) and 4(b), the effect of nonlocal parameter l on the variations of
TED with respect to vibration mode number n is illustrated for r0/R0 = 0.05 and
r0/R0 = 0.01, respectively. The results are provided for a ring with r0 = 20 nm.
The curves indicate that in lower vibration modes, GK model predicts a lower value
for TED than the Fourier model. Besides, by increasing the amount of nonlocal
parameter l, a smaller value of TED is obtained. The rationale behind this finding
is that the Fourier model assumes that thermal signals propagate through diffusion
process in materials, while GK model by considering the phase lag parameter τ

anticipates a wave-like propagation with finite velocity for thermal signals. Due
to finite velocity of heat transfer, generated thermal signals do not have adequate
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(a)

(b)

Fig. 4. The effect of nonlocal parameter l on the variations of TED in a ring with r0 = 20 nm for
(a) r0/R0 = 0.05 (b) r0/R0 = 0.01.
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time for transition during the vibration, which weakens energy loss caused by TED.
Additionally, given the inclusion of nonlocal effect in GK model, the temperature
of an arbitrary point in a thermoelastic medium is affected by its adjacent points.
This causes more energy to be brought by energy carriers from neighboring points.
Given all these issues, GK model predicts lower TED values compared to the Fourier
model. The effects of the Fourier and GK models on 2D and 3D cases of heat transfer
are opposite, so that in low frequency modes, for the classical model, the estimation
of 2D case is higher than the 3D case. This prediction for GK model is completely
contrary in such a way that in low vibrational mode numbers, the approximation
of 2D case is smaller than the 3D case.

Figures 5(a) and 5(b) are similar to Figs. 4(a) and 4(b), but for case r0 = 1 μm.
As it is clear, because the size of the ring is considered larger in these diagrams,
the impact of the nonlocal parameter lessens so that in a larger range of vibration
mode numbers, the difference between the outcomes of the Fourier and GK models
is small. It is also apparent that similar to case r0 = 20 nm, in low frequency modes,
the use of GK model leads to smaller amounts for TED. Also, the comparison of
Figs. 4 and 5 reveals that with the increase in the size of the ring, the peak value
of TED occurs in much lower frequency mode numbers. As mentioned earlier, to
derive the results of 2D model, it is enough to set term γjn equal to zero in Eq. (37).
From this, it can be concluded that the discrepancy between 2D and 3D models
is minimized when parameter γjn has a negligible value. According to the relation
γjn = (n/aj)(r0/R0), this case occurs when either the mode number n is a small
value or the magnitude of the ratio r0/R0 is slight (in other words, the ring is thin).
This issue is clearly evident in Figs. 4 and 5. But for cases where the amount of
γjn is considerable and cannot be ignored, due to the presence of γjn in both the
numerator and denominator of Eq. (37), TED will be an intricate function in terms
of γjn, which makes it convoluted to derive a specific pattern for TED for 2D and
3D situations of heat conduction.

For vibration modes n = 2 and n = 20, TED versus the geometrical ratio R0/r0

is depicted in Figs. 6(a) and 6(b), respectively. These plots are presented for the
case r0 = 20 nm. According to these figures, in low frequency modes n or high ratios
of R0/r0, the difference between the evaluation of 2D and 3D models diminishes.
Figures 7(a) and 7(b) are drawn with the same conditions as Figs. 6(a) and 6(b),
with the only difference that r0 = 1 μm is assumed. As can be seen, given the
assumption that the ring is larger in Fig. 7, the difference between the results of the
Fourier and GK models is reduced compared to Fig. 6, which is due to the decline
in size effect.

Figures 8(a) and 8(b) examine the influence of ambient temperature Ta on the
variations of TED with respect to the geometrical ratio R0/r0 for 2D-Fourier model
and 2D-GK model (l = 80 nm), respectively. To achieve these results, r0 = 200 nm
and n = 10 are considered. From these curves, one can deduce that for both the
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(a)

(b)

Fig. 5. The effect of nonlocal parameter l on the variations of TED in a ring with r0 = 1 μm for
(a) r0/R0 = 0.05 (b) r0/R0 = 0.01.
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(a)

(b)

Fig. 6. TED versus the geometrical ratio R0/r0 for a ring with r0 = 20 nm for (a) n = 2 (b)
n = 20.
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(a)

(b)

Fig. 7. TED versus the geometrical ratio R0/r0 for a ring with r0 = 1 μm for (a) n = 2 (b) n = 20.
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(a)

(b)

Fig. 8. The influence of ambient temperature Ta on the variations of TED with respect to the
geometrical ratio R0/r0 with r0 = 200 nm and n = 10 for (a) 2D-Fourier model (b) 2D-GK model
(l = 80nm).
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(a)

(b)

Fig. 9. The influence of ambient temperature Ta on the variations of TED with respect to the
geometrical ratio R0/r0 with r0 = 200 nm and n = 10 for (a) 3D-Fourier model (b) 3D-GK model
(l = 80nm).
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Fourier and GK models, TED is strengthened by the rise in the ambient tempera-
ture. It can also be observed that the impact of GK model on the magnitude of TED
depends on the ambient temperature, so that at higher (lower) temperatures, the
value of TED anticipated on the basis of GK model is less (more) than that com-
puted by the Fourier model. These curves confirm that TED is a principal source
of energy dissipation at room temperature. Figures 9(a) and 9(b) are drawn with
the same conditions as Figs. 8(a) and 8(b), except that the curves are plotted based
on 3D heat conduction model. It is evident that the results of the Fourier and GK
models are remarkably different at low ratios of R0/r0, but with the increase of
ratio R0/r0, which means that the size of the ring becomes larger, the effect of size
weakens and the difference between the results of the Fourier and GK models is
reduced.

7. Concluding Remarks

In the present work, with the help of Guyer–Krumhansl (GK) heat conduction
model, a non-Fourier formulation for TED in small-sized rings with circular cross-
section has been developed. To achieve this goal, the size-dependent equation of
heat conduction in a circular cross-sectional ring has been firstly extracted in the
scope of GK model. By solving this equation, the temperature field in the ring
has been derived. In the next stage, by inserting the temperature distribution in
definition of TED in thermal energy approach, an analytical relation consisting of
phase lag and nonlocal parameters has been presented for estimation of TED value.
The section of numerical results has been divided into three subsections. In the first
subsection, a convergence study has been performed to determine the number of
terms required to reach the exact answer. In the second subsection, the precision of
established formulation has been checked by way of a comparison study. In the third
subsection, the sensitivity of the amount of TED to some crucial factors like scale
parameters of GK model, geometric features of ring, number of vibration modes
and ambient temperature has been appraised through graphical presentation. The
main findings of this study can be listed as follows:

• The influence of GK model on the variation of TED is deeply sensitive to ambient
temperature and mode number, so that in small order modes, for low (high)
ambient temperatures, the estimation of GK model for TED is more (less) than
that of the Fourier model.

• GK model predicts more peak points than the Fourier model for the curves of
TED variations with vibration mode.

• By enlargement of r0 (for fixed ratio R0/r0) or by enlargement of the ratio R0/r0

(for fixed value of r0), the impact of size and GK model on the amount of TED
fades gradually.

2350160-22

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 K
A

Z
A

N
 F

E
D

E
R

A
L

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/1

4/
23

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

March 3, 2023 20:4 WSPC/165-IJSSD 2350160

Analytical Model for Thermoelastic Dissipation in Oscillations

• The discrepancy between the estimations of 2D and 3D models is less for lower
vibration mode numbers and thinner rings.

• By ascending the ambient temperature, TED intensifies.

Appendix

According to the properties of Bessel functions of the first kind, one can write:

dJn(λr)
dr

= λJn−1(λr) − n

r
Jn(λr). (A1)

Jn−2(λr) =
2(n − 1)

λr
Jn−1(λr) − Jn(r). (A2)

By inserting n = 1 into Eq. (A1), one can get:

dJ1(λr)
dr

= λJ0(λr) − 1
r
J1(λr). (A3)

Moreover, by placing n = 2 into Eq. (A2), the following relation is obtained:

J0(λr) =
2
λr

J1(λr) − J2(λr). (A4)

Sorting the above relation gives:

J1(λr) =
λr

2
[J0(λr) + J2(λr)]. (A5)

Substitution of Eq. (A5) into Eq. (A3) yields the following relation:

dJ1(λr)
dr

=
λ

2
[J0 (λr) − J2 (λr)] . (A6)

By considering Eq. (20), setting λ = aq/r0 and applying thermal boundary
condition ∂T0/∂r = 0 at r = r0, the use of above relation leads to:

aq

2r0
[J0(aq) − J2(aq)] = 0. (A7)

The nontrivial solutions of above equation are determined via the following
equation:

J0(aq) − J2(aq) = 0. (A8)
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dependent thermal conductivity in suspended single-layer graphene, Nat. Commun.
5(1) (2014) 1–6.

2350160-29

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 K
A

Z
A

N
 F

E
D

E
R

A
L

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/1

4/
23

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.


	Introduction
	Problem Definition
	Derivation of Temperature Distribution
	Determination of TED Value
	Results and Discussion
	Convergence study
	Validation of developed model

	Numerical Examples
	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


